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Abstract 
Probabilistic fatigue models are required to account conveniently for several sources of uncertainty arising in the prediction 
procedures for structural details, such as the scatter in material behaviour. In this paper, a procedure to derive probabilistic S-N 
fields for structural details [1] is applied to a notched geometry with elliptic central hole made of puddle iron from the Eiffel bridge, 
based on the local approaches supported by the probabilistic εa–N or Smith–Watson–Topper (SWT)–N fields [1,2]. This procedure 
suggests an extension of the fatigue crack propagation model proposed by Noroozi et al. [3,4] to structural details, in order to cover 
both the fatigue crack initiation and fatigue crack propagation, based on local strain approaches to fatigue. Both fatigue crack 
initiation and fatigue crack propagation mechanisms are accounted for in the proposed approach. The numerical results are 
compared with available experimental S-N fatigue data for the notched plate under consideration. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of INEGI - Institute of Science and Innovation in Mechanical and Industrial Engineering.  
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1. Introduction 
The deterministic models of fatigue are used with statistical distributions aiming to establish appropriate safety 
margins for design purposes. In this paper a probabilistic approach is used to obtain probabilistic S-N curves [1] for a 
notched detail, with an elliptical hole, made of puddle iron from the Eiffel bridge. In this probabilistic approach is used 
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an extension of the fatigue crack propagation model proposed by Noroozi et al. [3-5] which is based on a local strain 
approach to fatigue. This model is applied in this paper to derive probabilistic fatigue crack propagation fields (p-S-
Np fields) for a structural detail, for a stress R-ratio, equal to 0. The material representative element size, ρ*, was 
previously estimated by the authors in references [6,7], take into account the fatigue crack growth tests data. The 
probabilistic fatigue crack initiation fields (p-S-Ni fields) are determined using an elastoplastic approach together with 
the material p-SWT-N fields. Finally, the global prediction of the probabilistic S-N fields is presented using a unified 
approach, combining fatigue crack initiation and fatigue crack propagation phases. This prediction is compared with 
experimental S-N fatigue data for a notched detail, with an elliptical hole, made of puddle iron from the Eiffel bridge. 
2. General procedure to generate P–S–Nf–R fields for structural details 
2.1. Description of the procedure 
The procedure to generate P–S–Nf–R fields for structural details or mechanical components proposed by Correia 
et al. [1] is applied according to the following steps: 
1. Estimation of the parameters of the p–SWT–N or p–εa–N material fields, as described in section 2.3, using 
experimental fatigue data from smooth specimens. These probabilistic fields will be the basis for the probabilistic S–
N fields of the structural details. They will be used to model both crack initiation and crack propagation. The selection 
of the damage parameter will depend on material/detail sensitivity to the stress ratio. 
2. Estimation of the elementary material block size, ρ*, using fatigue crack propagation data, following the 
procedure by Noroozi et al. [3,4]. The elementary material block size is estimated using a trial and error procedure in 
order to fit the experimental fatigue crack propagation data, for several stress ratios, with the estimated field. This step 
should be performed using fatigue crack propagation data from cracked specimens in order to avoid the need to model 
the fatigue crack initiation. This step was implemented to estimate the ρ* parameter, using fatigue crack propagation 
data from CT specimens. 
3. Performance of elastoplastic analysis of the uncracked detail in order to evaluate the average local stresses and 
strains at the first element block size ahead of the notch root, using the finite element method. 
4. Application of the p–SWT–N or p–εa–N models to derive the p–S–Ni–R field representative of the macroscopic 
crack initiation, in the structural detail/mechanical component. 
5. Application of a modified version of the UniGrow model to evaluate the fatigue crack propagation in the 
structural detail, using the elementary material block size computed previously on step 2. The residual stress field 
required in the UniGrow model was computed in this paper using elastoplastic finite element analysis. 
6. Computation of the p–S–Np–R field corresponding to the fatigue crack propagation in the structural 
detail/mechanical component. 
7. Combination of probabilistic fields from steps 4 and 6 to evaluate the global p–S–Nf–R field for the detail under 
analysis. 
The proposed model assumes that the structural detail resisting section is represented as a sum of elementary 
material blocks of length ρ*, placed along the crack propagation path (see Fig 1). 
2.2. Additional considerations on the application of the UniGrow model 
The UniGrow model was proposed by Noroozi et al. [3] to compute the elastoplastic stresses and strains at the 
elementary material blocks ahead of the crack tip, in the fatigue crack propagation regime, according to the following 
procedure: 
i) The stress intensity factors are determined for the detail under investigation using linear elastic finite element 
analysis and the J-integral method. 
ii) The original procedure for the computations of the residual stress distribution consisted in the following actions: 
a) The elastic stress fields ahead of the crack tip are estimated using analytical solutions for a crack with a tip radius, 
ρ*, and using the stress intensity factors solutions from previous step i). 
b) The actual elastoplastic stresses and strains, ahead of the crack tip, are computed using Neuber’s or Glinka’s 
approach [8,9]. 
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c) The residual stress distribution ahead of the crack tip is computed using the maximum actual elastoplastic stresses 
resulting at the end of the first load reversal and, subsequently, the cyclic elastoplastic stress range, σr =σmax -Δσ. 
In this study, sub-steps a), b) and c) were replaced by an elastoplastic finite element analysis in order to allow the 
direct computation of the residual stress fields to be performed. A loading-unloading load step sequence was simulated 
and the residual stresses resulted as the stresses at the end of the unloading step. 
iii) The residual stress intensity factor, Kr, is then computed using the weight function method according to the 
following general expression [10]: 
    dxaxmxK a rr ³  
0
,V    (1) 
To this purpose, the weight function m(x,a) was computed for the cracked detail under consideration using the 
following expression [10]: 
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where H=E (Young's modulus) for generalized plane stress, and H=E/(1-v2) for plane strain, v being the Poisson's 
ratio, KI is the stress intensity factor and uy is the corresponding crack opening displacement. The weight functions 
were computed using a linear elastic finite element model for the cracked geometries. The displacements, uy and the 
stress intensity factors, KI, were computed as a function of the crack size, a, allowing the application of Equation (2). 
iv) The maximum and range values of the applied stress intensity factor is corrected using the residual stress 
intensity value, resulting in the total effective values, Kmax,tot and ΔKtot [3,4]. For positive applied stress ratios, 
Kmax,tot and ΔKtot may be computed as follows: 
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KKK
KKK
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   (3) 
where Kr takes a negative value corresponding to the compressive stress field. This step, corresponding to the original 
proposal of Noroozi et al. [3] was followed in this study. 
v) Using the total values of the stress intensity factors, the above steps 2a) and 2b) are applied again to determine 
the updated values of the actual maximum stress and actual strain range for the material representative elements. Then, 
Smith-Watson-Topper (SWT)-N [11] or Morrow’s relations [12] are applied to compute the number of cycles required 
for the material representative element to fail. For materials with higher sensitivity of the stress propagation rates to 
the stress ratio, Smith-Watson-Topper (SWT)-N [11] should be used; otherwise, Morrow’s relation [12-15] may be 
adequate. 
The UniGrow crack propagation model will be applied to compute the number of cycles required to propagate an 
initial crack at the notch root of a detail until its critical dimension, responsible for the collapse of the component, is 
achieved. For this work, an elastoplastic stress/strain analysis will be carried out for the uncracked geometry to derive 
the average stress/strains at the first elementary material block ahead of the notch root. 
 
Fig. 1. Representative material blocks along the crack propagation path of a notched detail. 
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2.3. Probabilistic εa-N and SWT-N fields 
Simulations of the crack initiation and crack propagation are based on local approaches using fatigue damage 
parameters. These parameters are required to compute the number of cycles to fail the elementary material block. In 
this paper, probabilistic fatigue models [1,2] are used rather than the deterministic SWT-N or εa-N models defined by 
references [1] or [2], respectively. 
3. Experimental fatigue data of the base material and structural detail from the Eiffel bridge 
The puddle iron from the Portuguese Eiffel bridge is considered in this study. The Eiffel bridge was designed by 
Gustave Eiffel and was inaugurated in 1878. The fatigue behaviour of the material from the Eiffel bridge was 
determined based on fatigue tests of smooth specimens and fatigue crack propagation tests. The fatigue tests of smooth 
specimens were carried out according to the ASTME606 standard [16], under strain controlled conditions and are 
summarized in Tables 1 and 2. The fatigue crack propagation tests were performed using CT specimens, in accordance 
with the procedures of the ASTM E647 standard [17], under load controlled conditions. CT specimens from the Eiffel 
bridge were defined with a width, W=40mm, and a thickness, B=4.5mm. The fatigue crack propagation tests were 
performed for stress R-ratios, R=0.1 and R=0.5. The experimental fatigue data is plotted in Fig. 2, along with the the 
regression lines, for each stress R-ratio, which were defined according to the Paris’s law [18]. The fatigue crack 
propagation data of the material from the Eiffel bridge shows important scatter due to the significant amount of 
heterogeneities that characterizes the puddle irons. Details about the properties evaluation can be found in reference 
[19]. 
Using the experimental fatigue data from the smooth specimens, the p-ε-N and p-SWT-N fields of the material from 
the Eiffel bridge were presented in Figs 3 and 4, respectively. The constants of the Weibull fields are also included in 
the Figs. 
A plate with an elliptical hole, made of puddle iron from the Eiffel bridge, as illustrated in Fig. 5 and Fig. 6, was 
considered in this investigation. This geometry was fatigue tested under remote stress controlled conditions, for stress 
R-ratio equal to 0. The respective fatigue data can be found in Fig. 7. The stress range plotted in Fig. 7 corresponds to 
the nominal stress range applied to the plate. 
 
Table 1: Monotonic and cyclic elastoplastic properties of the material from the Eiffel bridge 
 
 
Table 2: Morrow constants of the material from the Eiffel bridge 
 
 
 a) 
 
b) 
Fig. 2. Fatigue crack propagation data of the material from the Eiffel bridge for distinct stress ratios. 
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Fig. 3. p-ε-N field for the material from the Eiffel bridge. Fig. 4. p-SWT-N field for the material from the Eiffel bridge. 
 
Fig. 5. Plate made of puddle iron from the Eiffel bridge with an elliptical hole. 
 
 
 
 
 
Fig.6. Fatigue test of notched geometry with elliptic centric hole 
made of puddle iron from the Eiffel bridge. 
Fig. 7. S-N data of the plate made of puddle iron from the Eiffel bridge 
with a circular hole. 
4. Application and discussion 
The global probabilistic S-N field results are available from the superposition of the crack initiation and crack 
propagation probabilistic fields. The crack initiation corresponds to the initiation of a crack of a size equal to the 
elementary material block size, ρ*, and the crack propagation corresponds to the number of cycles required to 
propagate the initial crack with the size of the elementary material block size until failure. 
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The crack initiation is modelled using the p-SWT-N field, due to the sensitivity of the material to the stress ratio, 
which is visible on the fatigue crack propagation rates. Elastoplastic analysis is performed on the uncracked geometry 
to compute the local/notch stress-strain response needed to determine the SWT parameter. The crack propagation will 
be performed using the so-called UniGrow model, using probabilistic fatigue damage fields. 
The value of the elementary material block size, ρ*=12×10-4m, was estimated in references [6,7], using fatigue 
crack propagation data from CT specimens. It will be used in the prediction of the probabilistic S-N field for the 
structural detail made of material from the Eiffel bridge (see Fig 5). 
A bi-dimensional finite element model of the structural detail was proposed, using ANSYS® 12.0 commercial 
code [20]. Fig 8 illustrates a typical finite element mesh of the detail. This mesh exhibits a crack on the left side of the 
notch. In the practice, cracks started at both sides of the notch root and propagated symmetrically in the plate.  Taking 
into account the existing symmetry planes, only ¼ of the geometry is modelled. Plane stress quadratic quadrangular 
elements were used in the analysis due to the limited specimen thickness. The PLANE 183 elements was used to build 
this plate. The von Mises yield criterion with multilinear kinematic hardening, was used in simulations aiming an 
estimation of the residual stress. The plasticity model was fitted to the stabilized cyclic curve of the material. 
The stress intensity factors presents in Fig 9 were determined based on a linear-elastic finite element analysis using 
the J-integral method. In this Fig, the stress intensity factor evolution is in function of the crack length for a unit remote 
stress. This relation was used to determine the applied stress intensity factor range. 
Fig 10 presents the residual stress distribution along the y direction ahead of the crack tip, resulting from the 
elastoplastic finite element analysis. These residual stress distribution were computed after loading followed by 
unloading steps. 
 
 
 
Fig. 8. ¼ of the finite element mesh of the 
notched detail. 
 
 
 
 
 
 
 
 
  
 
Fig. 9. Stress intensity factor function of the crack length (linear-elastic analysis). 
 
Fig 11 represents the weight functions used to determine the Kr for the detail, under different crack lengths. 
Fig 12 shows the evolution of Kr with the applied stress intensity factor range. The resulting data shows a good 
linear correlation. 
The combined crack initiation and crack propagation S-N fields were computed for the notched plate. Fig 13 presents 
the combined results. The analysis of the resulting S-N field highlights the accuracy of the proposed methodology. 
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The experimental fatigue data falls inside the 5%-95% failure probability band. The unified approach proposed by 
Correia et al. [1] seems to give fairly promising predictions for notched components [21]. 
 
 
 
Fig 10. Residual stress distributions for several crack sizes (elastoplastic 
analysis). 
Fig 11. Weight functions for several crack sizes (linear-elastic 
analysis). 
 
 
 
 
 
 
Fig 12. Residual stress intensity factor as a function of the 
applied stress intensity factor range. 
Fig 13. p-S-Nf field obtained for the notched plate made of material from 
Eiffel bridge. 
5. Conclusions 
A unified approach to derive probabilistic S-N fields proposed by Correia et al. [1] for structural details taking into 
account both crack initiation and crack propagation was used. This approach combines finite element analyses with 
the UniGrow model and probabilistic fatigue damage fields of the base material. One key parameter in this approach 
is the definition of the elementary material block size, which was identified using an independent procedure and pure 
fatigue crack propagation data. 
The predicted p-S-Ni field for fatigue crack initiation on the structural detail, based on the p-SWT-N model and 
elastoplastic finite element analysis provided a good agreement with the experimental results, for R=0. The adaptation 
of the UniGrow model allows us to reproduce satisfactorily crack propagation prediction using residual compressive 
stress estimation, based on elastoplastic finite element analysis of the notched detail, and the p-SWT-N damage model. 
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The residual stress intensity factor, computed from the compressive residual stress field using a finite element analysis, 
relates linearly to the applied stress intensity factor range, thus confirming a typical trend documented in the literature. 
The global P-S-N field prediction for the notched detail (R=0), taking into account the fatigue crack initiation and 
propagation, shows satisfactory results. In this study, crack initiation is the dominating fatigue damaging process, 
while the fatigue crack propagation exerts a small influence on global predictions of the P-S-N field, mainly in the 
high-cycle fatigue regime. The procedure proposed to derive the probabilistic S-N curves for structural details proved 
to be quite efficient and accurate since it can be used to reduce the need for extensive testing of structural components. 
Only small-scale testing data is required. 
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